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[,bESUT'b,TX~]T±_r[9T©T[Ao f [7wXTUqb,T±bAo f [9o6X f T§R `aSNÈb,aSX [ f TUqb,TªbAST'b,TX«`aS©X (6XJZ1TU`wX1R f Xcb9Zqb,~aX¤ k qrX
b,~rSUT f b9Z1Tmb,TUTU`aZJXJS­­Xo f [9o6[SX`_NTUq`aS­ob,o
X f b f X*b,~b9S'XJpN[9_ f X1]b f b,_]b,wXJSc!q`aZq±X/¬!q`~`Tb,WY[9_^_`aZJX
o f [9o6X f TU`aXJSTUqrX}Z1a[SU] f X]_rpX f b,Gkm[![9aXcb,_¥[9o
X f b,TU`a[9_rS7rb,_rp±bZcb,_r[9_`aZcb, f X1o f XJSX1_PT'b,TU`a[9_ª`TUq¥pX1TX f W\`_`aSUTU`aZ
b,_rp¥W\`_`W\`µcXJpªr_`TX^b,]T[9WNb,T'b¤
T¶-KI ¹  Xª f SUTY`_dT f [!p]rZJXSXJZ1TU`a[9_  TUqrX«WY[!pX1*[,ZJ[9W\W^]_`aZcb,TU`_³r_`TX/§SUT'b,TX WNb9Zq`_rXJS7b,_rp TUqrX
b,_b,RSU`aS±o f [9~aX1W mX²b9pp f XJSSc*_b,WYX1R f Xcb9Z'qb,~``T§R b,_b,RSU`aSc¤  X f XJZcb,=TUqrX ¦ ~rSUT f b9Z1Tª¡¯_dTX f o f X1T'b,TU`a[9_
 f b,WYX1­[ fl `_ªSXJZ1TU`a[9_ * b,_rp¥X/¬ob,`_¥qr[c mXZcb,_¥]rSX`T [ f TUqrX f Xcb9Z'qb,~``T§R«b,_b,RSU`aS[,&lmgQ!·³¤ k qrX1_¥­X
pX/r_rX±b,_³b,~rSUT f b9Z1T$b,TUTU`aZJXY´[ f TUqrX±b,_b,R!S`aS^[,SURSUTX1WYS`TUq³[9_R²[9_rXN¡¯£°Zqb,_rX1 = SXJZ1TU`a[9_³y<>/¤  qrX1_
TUqrX f X^b f X=S'X1wX f b,¶d]rX1]rXJScmX}WNbJR±]rSX}X1`TUqrX f b$_r[9_ f X1b,TU`a[9_b,b,~rST f b9Z1Tb,TUTU`aZJX = SXJZ1TU`a[9_ v>m[ f b f X1b,TU`a[9_b,
[9_rX = S'XJZ1TU`a[9_bm;>/¤  X}`W\oaX1WYX1_dTXJp[9] f WYX1TUqr[Pp b,_rp±­X=o f XJSX1_PT`_«SXJZ1TU`a[9_«x\b$´X1Zcb9SX=SUTU]rp`aXJS[9_ªq`aZq
mXX/¬!o6X f `WYX1_dTXJp«`Tc¤ $&wX1_PTU]b,R¥­Xp`aSZ1]rS'STUqrX f X1b,TXJp¥m[ fl b,_rp«ZJ[9W\ob f X=`T`TUq«[9] f S = S'XJZ1TU`a[9_be;>/¤
n o 	
$'	
qp  isrd	 	6#$&
t uwv xzy {5|}
 X¨ZJ[9_rSU`apX f b5SR!SUTX1W [,$r_`TX/§SUT'b,TX¨WNb9Zq`_rXJS«TUqb,TªZJ[9W\W^]_`aZcb,TXA`TUqXcb9Zq[9TUqrX f ~PR SX1_rp`_ b,_rp
f XJZJX1`!`_®WYXJSS'b,wXJS¥!`b
n
]_P~
[9]_rpXJp¡¢£ P]rX1]rXJScWY[!pX1`_ ZJ[9W\W^]_`aZcb,TU`a[9_ Zqb,__rX1aSc¤  X¨b9p[9oT
b a[9~b,o6[9`_dT\[,*!`aX1&~dR³ZJ[9_rSU`apX f `_¨TUqrX©a[9~b,ZJ[9_dT f [9SUT f ]rZ1TU] f X f XJS]TU`_ f [9W TUqrX¥b9SUR!_rZq f [9_r[9]rS
o f [!p]rZ1T[,gb,¶TUqrX=WNb9Zq`_rXJS7¤
~¥¹ IOK?LK ½ IqP ,W  &-.-./<0_	6<3H0	8-	;$<2'8"3&2&?Y	a/j'(B
(C,Σ, c0,∆) 
$[j
s1
y   
	&%	&' $Y	
&02	 V 	H	&(6(
• C
2 	 5068S
(Bj	_&c &&( 	
• Σ = Σ1]Σ2]· · ·]Σn
	0 	&( $%	
H-a1	j3  $[ Σi
;6$[8	&( $%	<
H-a	j3<
6$%	 	&g E6/c/0
i 5 q	X1/<-aq6$%	 6$%Xj 	( $[	64	H[	2  j&6 
• c0 ∈ C
2 6$[ 20_	&( ( j1	 
• ∆ ⊆ C ×A×C
2	 0 j5
 	&c6_&c  $[ A = ⋃i{i} × {!, ?} ×Σi
286$[
 	;_&cjd
 
	&0&b 3&6XgY
(c1, a, c2) 
$c
c1
	&
c2
	&q2
C
	
a
2 	&?	;_&  $_$\	&g
 	&?&/%)'/%w&/[)/[ i!m  6$ m ∈ Σi 
 	&:2&'/% 6&/[ i?m  6$ m ∈ Σi
d
i!m
WYXcb,_rS"!§TUqrX$WYXJSS'b,wX
m
`aSSX1_dT*TUq f [9]qTUqrX$Zqb,__rX1WY[!pX1aXJp«~PR¥TUqrX$P]rX1]rX
i # b,_rp i?m WYXcb,_rS"!§TUqrXWYXJSS.b,wX
m
`aS f XJZJX1`wXJp± f [9W TUqrX=Zqb,__rX1WY[PpX1aXJp¥~PR±TUqrXd]rX1]rX
i # ¤¡¯_TUqrXX/¬b,W\oaXJS&[,TUq`aSob,o6X f 9TUqrX­r_`TX/§SUT'b,TXWNb9Zq`_rXJS = &Q!·S>b,_rpTUqrXd]rX1]rXJSgb f XpX1o`aZ1TXJp;~]T&_r[9T
TUqrX f XJS]T[,TUqrXa[9~b,b9SUR!_rZq f [9_r[9]rS*o f [Pp]rZ1Tc¤g¡¯_rpXJXJp;TUqrX f Xcb9pX f ]_rpX f SUT'b,_rpS*Xcb9S`RMTUqrX=o f XJS'X1_dT'b,TU`a[9_
[,TUqrXgQ!· SqrX f Xcb9STUqrX^b9SUR!_rZq f [9_r[9]rSo f [Pp]rZ1TWY[PpX1¶`aS_rXJXJpXJp¥T[o
X f ´[ f WFb,_PR©a[9~b,b,_b,R!SU`aS7¤
$ %  h - ¹  k qrX}ZJ[9__rX/¬!`a[9_&,pXJZJ[9__rX/¬`a[9_«o f [9T[!ZJ[9;~6X1T§­XJX1_«T§­[YWNb9Zq`_rXJS`aSTUqrX*´[9a[c`_0FgTUqrX* f SUTWNb
Zq`_rX}Zcb,_¥[9o
X1_¥b$SXJSSU`a[9_ = b,_rp±SX1_rpNTUqrXWYXJSS.b,wX
a
T[TUqrX[9TUqrX f WNb9Z'q`_rXL>/¤m£*_rZJX=b$SXJSSU`a[9_©`aS[9o
X1_¶
TUqrX f SUTGWNb9Zq`_rX*WNbJRYZ1a[SX`T­[9_N`TS­[c_ = b,_rpMSX1_rpYTUqrX`_´[ f WNb,TU`a[9_MWYXJSS.b,wX
b
>[ f [9_MTUqrXpX1WNb,_rp
[,TUqrXM[9TUqrX f WNb9Zq`_rX = ``T f XJZJX1`wXJSTUqrXNWYXJS'S'b,wX
c
>/¤ k qrX©SXJZJ[9_rp³[9_rXMZcb,_ f Xcb9p³TUqrXN`_´[ f WNb,TU`a[9_
WYXJSS'b,wXJS
a
b,_rp
b
rb,_rp«b9S l  [ f bYSXJSSU`a[9_¥Z1a[SU] f X¤­`r¤GAWY[PpX1aSTUq`aSo f [9T[PZJ[9`TUqªT§m[Nb,]T[9WNb,T'b
q`aX`r¤  WY[!pX1aSTUqrXS'b,WYX}o f [9T[!ZJ[9¶]rSU`_YTUqrX´[ f WNb,`aSUW `wX1_«`_«{}X/i¤GA¤
session closure
b,c : ask for a
session opening
a : ask for a0 0
1 1
!a !b ?c ?a ?b !c
c
ba
`] f XAF k qrXZJ[9__rX/¬`a[9_&,pXJZJ[9__rX/¬!`a[9_o f [9T[!ZJ[9
c
ba
0,0
1,1
0,11,0
queue 1
queue 21!b2?c
1?b
2!c
1?a
2!c
1?b
2?c
1!b
1!a 1?a
1!a
`] f X  FGQb,WYX=o f [9T[!ZJ[9¶`TUqªTUqrX{}X/U¤GA [ f WNb,`aSW
t u6t ')(+*-,{.*-/{1032"|4/5*(56y7,.*G}'O|98:*;,7(+6<=
k qrX}SUT'b,_rprb f p±[9o6X f b,TU`a[9_b,¶SX1WNb,_dTU`aZJS[,blmgQ!· `aSm`wX1_±`_©TX f W [,b^b,~6X1aXJp©T f b,_rSU`TU`a[9_¥SURSUTX1W = D k Qc>/¤
>?s7>@
 
		
 "!#$%	&'() u
~¥¹ IOK?LK ½ I      ( 	<(6(B 	&c_&YX-qJ6'  Y 	/L(B
〈Q,Q0,Λ,→〉 
$[
Q
 	
/<	<(B j5
 	 
Q0 ⊆ Q
286$c8j
860	&(	; 
Σ
2	H0 	&( $%	<S	&
→⊆ Q×Λ×Q

6$[q	&c6_&:(B	_&'d
k qrX^SX1WNb,_dTU`aZJS[,&bYlmgQ!· `aSb,_\D k Q
〈Q,Q0, A,→〉
qrX f X
• Q = C × Σ∗1 × · · · × Σ
∗
n
`aSTUqrXS'X1T[,SUT'b,TXJS
• Q0 = {〈c0, ε, . . . , ε〉}
`aSTUqrX=SX1T[,TUqrX}`_`TU`b,ST'b,TXJS
• A
`aSTUqrX$b,oqb,~
X1T[,gb9Z1TU`a[9_rS =_d {}X/i¤GAL>/¤
• →
`aSpX/r_rXJp¥~PR©TUqrX}T¯­[ f ]aXJSjF
(c1, i!m, c2) ∈ ∆ , m ∈ Σi
〈c1, w1, . . . , wi, . . . , wn〉
i!m
→ 〈c2, w1, . . . , wi.m, . . . , wn〉
(c1, i?m, c2) ∈ ∆ , m ∈ Σi , wi = m.w
′
i
〈c1, w1, . . . , wi, . . . , wn〉
i?m
→ 〈c2, w1, . . . , w
′
i, . . . , wn〉
¦ a[9~b,GSUT'b,TX\[,bªlm&Q!· `aS=TUqP]rS^b©TU]oaX
〈c, w1, . . . , wn〉 ∈ C × Σ
∗
1 × · · · × Σ
∗
n
qrX f X
c
`aS}TUqrX\Z1] f X1_PT
a[!Zcb,TU`a[9_±b,_rp
wi
`aS­br_`TXm[ f p±[9_
Σi
f X1o f XJSX1_PTU`_TUqrXZJ[9_dTX1_PT[,d]rX1]rX
i
¤ ¦ TGTUqrX*~
X1`__`_rb,P]rX1]rXJS
b f XX1W\oT¯RwS[TUqrX 20_	&('	 `aS
〈c0, ε, . . . , ε〉
¤
k qrX f X^X/¬!`wXT f b,_rSU`TU`wXAZ1a[SU] f X
→∗
`aS¥pX/r_rXJp b9S±]rSU]b,È¤ ¦ ST'b,TX
〈c, w1, . . . , wn〉
`aS 	;$[	(  `
〈c0, ε, . . . , ε〉 →
∗ 〈c, w1, . . . , wn〉
¤ k qrX 	;$%	2( 6Y j `aS*TUqrXSX1T*[,­b,SUT'b,TXJS*TUqb,T}b f X f Xcb9Zqb,~aX¤lm[9W
o]TU`_TUq`aSSX1Tm`aS­TUqrX*o] f o6[SX*[,TUqrX f Xcb9Z'qb,~``T§R¥b,_b,R!SU`aS7¤  X*Zcb,_¥b9Zq`aX1wX}TUq`aSZJ[9W\o]T'b,TU`a[9_¥~dRMS[9P`_
b¬!Èo6[9`_dTXJP]b,TU`a[9_¶b9SSUqr[7_ª`_ª_rX/¬TSXJZ1TU`a[9_¶¤
t u
	 y /*/<{ <[ys}}|<(+6, =X|98:*;,7(+6<= *;,5{ /;|9*-<.* 6w} 6 ( *-, *G}.= 6 =
¦ ZJZJ[ f p`_ET[¨TUqrX¥o f X1!`a[9]rSYob f b, f b,oq¶TUqrXªSX1TY[,}a[9~b,*ST'b,TXJS\`aS
Q = C × Σ∗1 × · · · × Σ
∗
n
b,_rp®TUqrX
f Xcb9Z'qb,~``T§R S'X1TMb,_ X1aX1WYX1_dT±[,
℘(Q)
¤  X«pX/r_rX«`_ TUq`aSNS'XJZ1TU`a[9_ TUqrX±´[ f mb f p ZJ[9aXJZ1TU`_³SX1WNb,_PTU`aZJSM[,
b²lmgQ!·³q`aZq pX/r_rXJS\TUqrX f Xcb9Z'qb,~``T§R SX1TNb9STUqrX¥SWNb,aXJSUTYX1aX1WYX1_dT©[,*TUqrX±b,TUTU`aZJX
℘(Q)
[ f pX f XJp®~dR
`_rZ1]rSU`a[9_ TUqb,TS'b,TU`aSiXJSb¬PÈo6[9`_dTXJP]b,TU`a[9_¶¤
¡¯_rSUTXcb9p [,=ZJ[9_rSU`apX f `_E]_rSUT f ]rZ1TU] f XJp SX1TSY[,=SUT'b,TXJS\`_
℘(Q)
­­X¥o f X/´X f T[Ab9S'S[PZ1`b,TX¥S'X1TSY[,}P]rX1]rX
ZJ[9_PTX1_dTS\T[ ZJ[9_dT f [9a[PZcb,TU`a[9_¶¤r[ f p[9`_TUq`aSc­X$h¢]rST$[9~rSX f wXMTUqb,T
℘(Q) = ℘(C × Σ∗1 × · · · × Σ
∗
n)
`aS
`aS[9WY[ f oq`aZNT[
C → ℘(Σ∗1 × · · · × Σ
∗
n)
¤ k qd]rSb±SX1T^[,SUT'b,TXJS
X ∈ ℘(Q)
Zcb,_5b,aS[±~6X\P`aX1mXJpAb9S$b©WNb,o
X : C → ℘(Σ∗1 × · · · × Σ
∗
n)
b9S'S[PZ1`b,TU`_±bYZJ[9_PT f [9ST'b,TX
c
`TUqb\b,_db,wX
X(c)
f X1o f XJSX1_PTU`_¥b,o
[S'SU`~aX
ZJ[9_PTX1_dTS[,&b,¶TUqrX^d]rX1]rXJSqrX1_«~
X1`_Y`_¥TUqrX^ZJ[9_dT f [9ST'b,TX
c
¤
 Xª_r[c pX/r_rX«b  ]_rZ1TU`a[9_
Post : ℘(Q) → ℘(Q)
TUqb,T©b9SS[!Z1`b,TXJST[AbSX1T\[,}ST'b,TXJS\TUqrXªSX1T\[,}`TS
`W\WYXJp`b,TX$SU]rZJZJXJSS[ f S~PR±TUqrX}T f b,_rSU`TU`a[9_ f X1b,TU`a[9_¶¤
r[ f b,_«[9]TUo]T
i!m
[,TUqrX^lm&Q!·³b,_rp«bb,_]b,wX
L ∈ ℘(Σ∗1 × · · · × Σ
∗
n)
mX^pX/r_rX
Send(L, i,m) = {〈w1, . . . , wi.m, . . . , wn〉|〈w1, . . . , wi, . . . , wn〉 ∈ L}
TUqb,Tb9SS[!Z1`b,TXJSgT[$bSX1T­[,¶P]rX1]rXJSGZJ[9_dTX1_PTSmTUqrXo6[SSU`~aXP]rX1]rXJS­ZJ[9_PTX1_dTSb TX f TUqrX[9]TUo]T[,;TUqrXWYXJSS'b,wX
m
[9_ªTUqrXP]rX1]rX
i
¤
r[ f b,_ª`_o]T
i?m
[,TUqrX$lmgQ!·³rb,_rp«bb,_]b,wX
L ∈ ℘(Σ∗1 × · · · × Σ
∗
n)
­X^pX/r_rX
Receive(L, i,m) = {〈w1, . . . , wi, . . . , wn〉|〈w1, . . . ,m.wi, . . . , wn〉 ∈ L}
TUqb,Tb9SS[!Z1`b,TXJSmT[b$SX1T[,P]rX1]rXJSmZJ[9_PTX1_dTSTUqrXo6[SSU`~aXd]rX1]rXJSZJ[9_dTX1_PTSb TX f TUqrX*`_o]T[,bWYXJS'S'b,wX
m[9_ªTUqrX^d]rX1]rX
i
¤
s1
m   
	&%	&' $Y	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?b!b
abb
!a ?a
`] f X * F k qrX`_r_`TX=~] (6X f WY[PpX1
 [9TU`aZJX=TUqb,T`
L
`aS f X1]b f 
Sendi(L,m)
b,_rp
Receivei(L,m)
b f X^b,aS[ f X1]b f ¤
 XZcb,_«_r[c pX/r_rX=T¯­[YI]_rZ1TU`a[9_rS −−→
Send : ℘(Q)→ ℘(Q)
b,_rp −−−−−→
Receive : ℘(Q)→ ℘(Q)
F
−−→
Send(X) = λc.
⋃
(c′ ,i!m,c)∈∆
Send(X(c′), i,m)
−−−−−→
Receive(X) = λc.
⋃
(c′,i?m,c)∈∆
Receive(X(c′), i,m)
k qrX f Xcb9pX f Zcb,_NZqrXJZ l TUqb,TGTUqrXJSXpX/r_`TU`a[9_rS­b, f XJX`TUqNTUqrX[9o
X f b,TU`a[9_b,SX1WNb,_dTU`aZJSc¤&[ f b}SX1Tg[,;SUT'b,TXJS
X

−−→
Send(X)
f X1o f XJS'X1_dTSTUqrX=S'X1T[,SUT'b,TXJSTUqb,TZcb,_«~
X f Xcb9ZqrXJpª f [9W bST'b,TX=[,
x
b TX f [9_rX=[9]TUo]TT f b,_rSU`TU`a[9_
b,_rp −−−−−→
Receive(X)
f X1o f XJSX1_PTSTUqrX±SX1T[,SUT'b,TXJSTUqb,T\Zcb,_E~6X f Xcb9Z'qrXJp5 f [9Wb SUT'b,TX±[,
X
b TX f [9_rX©`_o]T
T f b,_rSU`TU`a[9_¶¤ k qd]rSTUqrX}I]_rZ1TU`a[9_
Post : X → X
`aSpX/r_rXJp¥~dR
Post(x) =
−−→
Send(x) ∪
−−−−−→
Receive(x)
¤
k qrX f XJZ1] f SU`wXpX/r_`TU`a[9_ [,TUqrX f Xcb9Zqb,~``T¯R SX1T
RS
S.bJRSYTUqb,T¥b²SUT'b,TX«`aS f Xcb9Zqb,~aXX1`TUqrX f `=`TN`aS
b,_³`_`TU`b,mST'b,TXM[ f ``T$`aS$TUqrXN`W\WYXJp`b,TX±SU]rZJZJXJS'S[ f [,*b f Xcb9Zqb,~aX¥SUT'b,TX¤ DX1T
Q0
~6XYTUqrX©SX1T$[,`_`TU`b,
SUT'b,TXJS7TUqrX1_
RS ∈ ℘(Q)
`aS$TUqrXNaXcb9ST^¬!Èo
[9`_PT\[,TUqrXNT f b,_rSU X f I]_rZ1TU`a[9_
F : ℘(Q) → ℘(Q)
pX/r_rXJp®b9S
F (X) = Q0 ∪ Post(X)
¤
$ %  h - ¹  k qrXlmgQ!·pX1o`aZ1TXJp `_`r¤ * WY[!pX1aSTUqrX !§`_r_`TX^~] (;X f # o f [9T[PZJ[9SFb jHj1 Zcb,_SUT[ f XbYWYXJSS.b,wX$`_TUqrXd]rX1]rX;b,_rp¨b 2&8j1 Zcb,_ f Xcb9p«WYXJSS.b,wXJSc¤}¡§_TUq`aS}X/¬b,W\oaX6TUqrX f X
b f X=[9_R±T§­[ l `_rpS[,WYXJSS'b,wXJSLF
a
b,_rp
b
¤
k q`aS}lmgQ!· qb9S[9_rX^ZJ[9_PT f [9ST'b,TXZcb,aXJp
(0, 0)
¶b,_rpªyMT f b,_rSU`TU`a[9_rS
(0, 0)
!a
→ (0, 0)

(0, 0)
!b
→ (0, 0)

(0, 0)
?a
→ (0, 0)
b,_rp
(0, 0)
?b
→ (0, 0)
¤ ¦ T\TUqrX¥~
X1`_`_rmTUqrXªP]rX1]rX¥`aSYX1W\oT¯R'F«TUqrX¥`_`TU`b,*ST'b,TX±`aS
f X1o f XJSX1_dTXJp~PRªTUqrXb,_]b,wX
{ε}
¤ k qd]rS}TUqrX f Xcb9Zqb,~``T¯RSX1T`aS}[,GTUqrX$ [ f W
{(0, 0)} × Lrs

qrX f X
Lrs
`aSTUqrXaXcb9SUT¬PÈo6[9`_dT*[,TUqrX} ]_rZ1TU`a[9_
F
pX/r_rXJp;r [ f bb,_]b,wX
L
F
F (L) = {ε} ∪ Post(L)`È¤ X¤
F (L) = {ε} ∪ Send(L, a) ∪ Send(L, b) ∪Receive(L, a) ∪Receive(L, b)
][cmX1wX f [9_rX±Zcb,__r[9T\ZJ[9W\o]TX±TUq`aS 	$%	6( 6Yj `_5wX1_rX f b,@BAAC§¤ ¦ TUqr[9]q®TUqrX f X©`aS$_r[wX1_rX f b,
b,w[ f `TUqW TUqb,TYZcb,_ ZJ[9W\o]TXªTUqrX f Xcb9Zqb,~``T§R S'X1TcgTUqrX f X±WNbJR³~6XMqr[7­X1wX f S[9WYX±SX1W\`¯b,w[ f `TUqWYSYTUqb,T
ZJ[9W\o]TX^TUqrX f Xcb9Zqb,~``T¯RªSX1T`_«S[9WYX=Zcb9SXJS7TUqb,Tb f XpXJSZ f `~6XJp¥`_ªSXJZ1TU`a[9_be¤
    r
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¦ ~rSUT f b9Z1T¡¯_dTX f o f X1T'b,TU`a[9_ `aSbTUqrXJ[ f RM´[ f ZJ[9W\o]TU`_Mb,oo f [c¬!`WNb,TX$S[9]TU`a[9_rS[,¬PÈo6[9`_dTXJP]b,TU`a[9_rSc`_ªTUqrX
ZJ[9_PTX/¬!T}[,&o f [9 f b,W b,_b,RSU`aSc¤m· [ST*b,_b,R!S`aSo f [9~aX1WYSc6b,WY[9_M[9TUqrX f S f Xcb9Zqb,~``T¯Rb,_b,RSU`aScZJ[9WYX$p[c_
T[}S[9!`_b¬!Èo6[9`_dT&XJd]b,TU`a[9_Y[,TUqrXG´[ f W
x = F (x), x ∈ ℘(S)
9qrX f X
S
`aSTUqrXSUT'b,TXSUob9ZJX[,TUqrXSURSUTX1Wª
℘(S)
`aSTUqrX=ZJ[9W\oaX1TX=b,TUTU`aZJX[,SX1TS[,ST'b,TXJSc[ f pX f XJp¥~dR©`_rZ1]rSU`a[9_¶rb,_rp
F
`aS f [9]qR©TUqrX !¯SU]rZJZJXJSS'[ f SX1T
[,&SUT'b,TXJS # I]_rZ1TU`a[9_¶¤ k qrX}I]_rprb,WYX1_PT'b,o f `_rZ1`oaXJS[, ¦ ~rSUT f b9Z1T¡¯_dTX f o f X1T'b,TU`a[9_¨b f X@BA  CF >?s7>@
 
		
 "!#$%	&'() v
A¤T[SU]~rSUTU`TU]TX}T[TUqrX}ZJ[9_rZ f X1TXp[9WNb,`_
℘(S)
rbS`W\oaX f b,~rSUT f b9Z1Tp[9WNb,`_
A
= SUT'b,TU`aZb,oo f [c¬!`WNb,TU`a[9_>/¤
k qrX ZJ[9_rZ f X1TXb,TUTU`aZJX
(℘(S),⊆)
b,_rp b,~rSUT f b9Z1T±b,TUTU`aZJX
(A,v)
b f X«`_ l XJp ~PR b =b,a[9`aS±ZJ[9__rXJZ1TU`a[9_
℘(S) −−−→←−−−α
γ
A
q`aZq«X1_rSU] f XJSTUqrX=S[9]_rp_rXJSS*[,TUqrX}WYX1TUqr[!p;¤
 ¤T[}T f b,_rSUo6[SXTUqrXm¬PÈo6[9`_dT­XJd]b,TU`a[9_Y`_PT[=TUqrXb,~rSUT f b9Z1TGp[9WNb,`_¶PS[}TUqb,Tg[9_rXqb9S&T[=S'[9wXb,_YXJd]b,TU`a[9_
y = F ](y), y ∈ A
`TUq
F ] w α ◦ F ◦ γ
* ¤T[©]rSX\bN`apX1_`_ª[9o6X f b,T[ f = pR!_b,W\`aZYb,oo f [J¬`WNb,TU`a[9_>}T[©WNb l XTUqrX`TX f b,TU`wXYZJ[9W\o]T'b,TU`a[9_A[,­TUqrX
aXcb9SUT¬!Èo
[9`_PT*[,
F ]
ZJ[9_PwX f wX$b TX f b$r_`TX_P]W^~6X f [,&SUTX1orST[YS[9WYX]oo
X f ¯b,oo f [c¬!`WNb,TU`a[9_
ȳ ∈ A[,TUqrX}aXcb9ST¬!o6[9`_dT*[,
F ]
= WY[ f X=o f XJZ1`aSX1Rwbo6[SUTi´¬!Èo
[9`_PT[,
F ]
>/¤
¡§­TUqrX\ZJ[9_rp`TU`a[9_rS^b,~6[cwXYb f X\S.b,TU`aSiXJp;
ȳ ∈ A
S'b,TU`aSiXJS
γ(ȳ) ⊇ lfp(F )
;q`aZq²WYXcb,_rSTUqb,T
ȳ
`aSb,_]oo
X f 
b,oo f [c¬!`WNb,TU`a[9_[,TUqrXaXcb9SUT¬!o6[9`_dT*[,
F
¤
	 u6t |42 /;|9=X|9,7(+*(+6y , = /5*;8 |  y /
¦ ~rSUT f b9Z1T*¡¯_dTX f o f X1T'b,TU`a[9_²b9S*pXJSZ f `~
XJp«`_ªTUqrXo f X1!`a[9]rSSXJZ1TU`a[9_b9SS]WYXJSTUqb,TTUqrXb,~rSUT f b9Z1Tb,TUTU`aZJX^`aSZJ[9W
oaX1TX¤  X^b f X=qr[cmX1wX f `_PTX f XJSUTXJpª`_ªTUqrXb,TUTU`aZJX[, f X1]b f b,_]b,wXJS
(R(Σ),⊆)
b9Sb,_«b,~rSUT f b9Z1T*p[9WNb,`_¶
q`aZ'q `aS*_r[9TbNZJ[9W\oaX1TX^b,TUTU`aZJX = ` l XTUqrXZJ[9_dwX/¬ªo6[9RPqrXJp f bNb,TUTU`aZJXL>/¤¡¯_ªob f TU`aZ1]b f 6[9_rX^Zcb,__r[9T}pX/r_rXb
ZJ[ fUf XJZ1T&b,~rSUT f b9Z1TU`a[9_ ]_rZ1TU`a[9_¶¤r[ f `_rST'b,_rZJXTUqrX = WY[SUTo f XJZ1`aSXL>b,~rSUT f b9Z1TU`a[9_[,TUqrXGb,_]b,wX
{anbn | n ≥ 0}`_
R({a, b})
p[PXJS*_r[9TX/¬`aSUTc¤*£*_rX$TUqd]rS_rXJXJp T[MZJ[9_rS`apX f TUqrXSU`qdTUR«­Xcb l X f w	;&0
	&-a  [,H@BA  C`_rSUTXcb9p«[,&b\Z1b9S'SU`aZcb,	 =b,a[9`aS*ZJ[9__rXJZ1TU`a[9_«T[´[ f WNb,`µcX^[9] f b,~rST f b9Z1TU`a[9_¶¤  X f XJZcb,TUqrX=WNb,`_ f XJSU]T
b,_rp¥`_PP`TXTUqrX f Xcb9pX f T[YSXJX@BA  C [ f WY[ f XpX1T'b,`aS7¤
DX1T
(A,⊥,v)
~6X}bob f TU`b,R©[ f pX f XJp©S'X1T­`TUqªb$SUWNb,aXJSUTX1aX1WYX1_dT
⊥
b,_rp
γ : A→ ℘(S)
b^ZJ[9_rZ f X1TU`µ7b
TU`a[9_¥ ]_rZ1TU`a[9_ = jd 
γ
`aSWY[9_r[9T[9_rX^b,_rp
γ(⊥) = ⊥
>/¤
DX1T
∇ : A×A→ A
~
Xb,_ [9o
X f b,T[ f wX f ` R!`_0F
A¤
∀a, a′ ∈ A, a v a∇a′
b,_rp
a′ v a∇a′
=
∇
`aS*b,_ª]oo
X f ~6[9]_rpª[9o6X f b,T[ f >
 ¤
∀(ai)i∈N ∈ A
N
SU]rZqTUqb,T
∀i ≥ 0, ai v ai+1
6TUqrX$SXJP]rX1_rZJX
(ai)i∈N
pX/r_rXJp²b9S
a′0 = a0
b,_rp
a′i+1 =
a′i∇ai+1
qb9S*b f Xcb,TXJSUTX1aX1WYX1_PT
a∞
= TUqd]rS[9~T'b,`_rXJp bITX f b$r_`TX_d]W^~6X f [,&SUTX1orS>/¤
]X f X
∇
f X1ob9ZJXJS±~6[9TUq TUqrX«aXcb9SUT±]oo6X f È~
[9]_rp b,_rp TUqrX`apX1_`_ [9o
X f b,T[ f S7¤ k qrX WNb,`_ o f XJSX f b,TU`a[9_
TUqrXJ[ f X1WF`aSTUqrX [9a[7`_M[9_rXF
qN ¹P½  ¹   V 
F : ℘(S)→ ℘(S)
.	-&'&&/< /%_&?	&
F ] : A→ A
	a-&&/< /%_&
/[$ 6$%	;
γ ◦ F ] ⊇ F ◦ γ
d  $[/0
(ai)i∈N
6  Y



a0 = ⊥
ai+1 = ai
 
F ](ai) v ai
ai+1 = ai∇F
](ai)
6$[  2
$%	&q	q3&	 ( -a
a∞
  $<$ 2 	[X	
&B[2S
 F ] d 9:&iL γ(a∞)
 	[X
B[&6 

F
d
  ½;½M  X f SUTo f [7wXYTUqb,TTUqrXYS'XJd]rX1_rZJX
(ai)i∈N
qb9S^b± f Xcb,TXJSUT^X1aX1WYX1_PTc¤±¡È­ [ f S'[9WYX
i

F ](ai) v ai

TUqrX1_
ai
`aSTUqrX}`W\`T[,TUqrXSXJP]rX1_rZJX^b,_rpªbo6[SUT¬!Èo
[9`_PT[,
F ]
¤
¦ SSU]WYX~PR=ZJ[9_dT f b9p`aZ1TU`a[9_TUqb,T
(ai)i∈N
qb9S;_r[ f Xcb,TXJSUTX1aX1WYX1_dTc¤ k qrX1_­X&qbcwX
∀i : ai+1 = ai∇F
](ai) w
ai
b,_rp
(ai)i∈N
`aSb,_³`_rZ f Xcb9SU`_SXJd]rX1_rZJX¤·[ f XJ[cwX f 
a0 = ⊥ v F
](a0)
b,_rp³TUqrXNWY[9_r[9T[9_`aZ1`T§R5[,
F ]`W\o`aXJSTUqb,TjF
a′0 = a0
a′i+1 = F
](ai)
s1
x   
	&%	&' $Y	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`aSb,_«`_rZ f Xcb9SU`_NZqb,`_¶¤ k qrXpX/r_`TU`a[9_ [,TUqrX}`apX1_`_M[9o6X f b,T[ f X1_rSU] f XJSTUqb,T F
a′′0 = a0
a′′i+1 = a
′′
i∇a
′
i+1
qb9S}b\ f Xcb,TXJSUTX1aX1WYX1_dT
a∞
¤ k qrX1_­X$SUqr[c ~dR¥`_rp]rZ1TU`a[9_[9_
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(xn)n∈N
F
x0 = {ε}
xn+1 = xn
`
Post(xn) ⊆ xn
xn+1 = xn∇Post(xn)
[9TUqrX f `aSX
k qb,_ l ST[ªTUqrXMo f [9o
X f TU`aXJS[,TUqrXM`apX1_`_rTUq`aSZJ[9W\o]T'b,TU`a[9_ b,bJRS$TX f W\`_b,TXJSYb,_rpEaXcb9pS$T[bªo
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SXJZJ[9_rpZcb9SX¤r[ f X/¬b,W\oaX´[ f TUqrXb,_b,RSU`aS}[,­bYo f [9 f b,W `TUqSX1wX f b,`_dTX1wX f 9b f `b,~aXJS7
[9_rXZcb,_]rSXb
_r[9_ f X1b,TU`a[9_b,b,TUTU`aZJX=`aS~b9SXJp«[9_¥`_dTX f b,aS @BA  C§[ f b f X1b,TU`a[9_b,[9_rX=~b9SXJp¥[9_ªo6[9RwXJp f b @BA * C§¤
k qrXY_r[9_ f X1b,TU`a[9_b,mb,_b,RSU`aS}`aSXcb9SU`aX f ;~]T=aXJS'S=o f XJZ1`aSX¤¡§_²[9] f Zcb9S'X;­X\]rS'X
n
!¯SUWNb, # b,]T[9WNb,T'b¥T[f X1o f XJSX1_PT=TUqrX\d]rX1]rXZJ[9_PTX1_dTS=`_rpX1o6X1_rprb,_dTURw¤r[ f TUqrX f X1b,TU`a[9_b,Gb,_b,R!S`aSc
­X]rSX[9_rX!§~` # b,]T[9WNb,T[9_T[ f X1o f XJSX1_dTYb,GTUqrXMd]rX1]rX©ZJ[9_dTX1_PTSc¤ k qP]rSTUqrXMb,_b,RSU`aS^`­o f XJSX f wX©S[9WYX f X1b,TU`a[9_rSUq`orS~6X1T§mXJX1_³TUqrX
p`)(;X f X1_dTd]rX1]rX/§ZJ[9_PTX1_dTSc¤ k qrX f Xcb9S[9_^qPR=TUqrX&_r[9_ f X1b,TU`a[9_b,rb,_b,R!S`aS¶`d~6XÈb9SUTX f `aSTUqb,T¶TUqrXG[9o6X f b,TU`a[9_rS
mX}]rSX=b f X*_r[9T`_rXcb f = TUqrX1RMWNbJR©~
XX/¬o
[9_rX1_PTU`b,2>S[`T`aSGÈb9SUTX f T[p[
n
TU`WYXJSTUqr[SX=[9o6X f b,TU`a[9_rS[9_ªSUWNb,
b,]T[9WNb,T'b f b,TUqrX f TUqb,_«[9_rX=TU`WYX[9_«b\~`Nb,]T[9WNb,T[9_¶¤
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 rw
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
lm[9_rSU`apX f `_ªbNSUR!STX1W `TUq
n
d]rX1]rXJSc­XZcb,_ f X1o f XJS'X1_dTTUqrX$ZJ[9_PTX1_dTS=[,Gb,P]rX1]rXJS*~dR«b\wXJZ1T[ f [,&r_`TX
m[ f pS
〈w1, . . . , wn〉
¤  }X1_rX f b,RESUo
Xcb l `_rbªSX1T[,wXJZ1T[ f S
X ⊆ En
Zcb,_A~6XMb,oo f [c¬!`WNb,TXJp³~PREbªSU`_aX
wXJZ1T[ f
〈X1, . . . , Xn〉 ∈ ℘(E)
n qrX f X Xi
`aSTUqrXgo f [,hUXJZ1TU`a[9_[,
X
[9_$TUqrX­p`WYX1_rSU`a[9_
i
¤·[ f XJ[cwX f wbb,_]b,wX
L ∈ L(Σ)
`aSb,oo f [c¬!`WNb,TXJp ~dRªbwXJZ1T[ f [,b,_]b,wXJS
α(L) = 〈L1, . . . Ln〉
`TUq
Li = L/Σi
¤
s1
Ajm   
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$ %  h - ¹  lm[9_rSU`apX f `_ªbMSX1T*[, * wXJZ1T[ f S=[,g­[ f pS
v1 = 〈aa, cd〉

v2 = 〈ab, cd〉
b,_rp
v2 = 〈aa, cc〉
6­X
[cwX f ¯b,oo f [c¬!`WNb,TX}`T­~dR\TUqrX*wXJZ1T[ f [,¶b,_]b,wXJS
〈L1, L2〉
`TUq
L1 = {aa+ab}
b,_rp
L2 = {cd+ cc}
¤
k qP]rS}­X f SUTTUqrX\b,~rSUT f b9Z1T}TUqrX^b,TUTU`aZJX
L(Σ)
~PR
L(Σ1) × · · · × L(Σn)

a[![SU`_¥b, f X1b,TU`a[9_rS}~6X1T§mXJX1_
TUqrXZJ[9_dTX1_PTS[,GTUqrXp`)(6X f X1_PTSP]rX1]rXJSc¤ k qrX1_mXZcb,_ f X1]rSX\b,~rSUT f b9Z1T}b,TUTU`aZJXpX/r_rXJp`_S'XJZ1TU`a[9_y¥b,_rp­X
[9~T'b,`_ TUqrX [9a[7`_MZJ[9__rX/¬`a[9_ F
℘(Σ∗1 × . . .× Σ
∗
n) −−−→←−−−αc
γc
L(Σ1)× · · · × L(Σn)
γ
←− R(Σ1)× · · · × R(Σn)
k qrXY[9o6X f b,TU`a[9_rS`_¨TUq`aS^b,TUTU`aZJXNb f X\TUqrX\S'b,WYXMb9S=TUqrX\[9o
X f b,TU`a[9_rS$pX/r_rXJp¨`_ASXJZ1TU`a[9_Ayr¤\r[ f TUqrX\`apX1_`_
[9o6X f b,T[ f r`wX1_ b$¬XJp±`_dTX1wX f
k
­X=WNbcR¥X/¬!TX1_rp±TUqrX}´[ f WYX f pX/r_`TU`a[9_ T[cF
〈L1, . . . , Ln〉
−→
∇〈L′1, . . . , L
′
n〉 , 〈L1∇L
′
1, . . . , Ln∇L
′
n〉
¡§_rXJXJpXJp;r­XZcb,_ b,aS'[\pX/r_rX −→
∇
`TUqªp`)(;X f X1_dTb,]rXJS[,
k
= [9_rX}b,]rX} [ f Xcb9Z'q SU`_aX=P]rX1]rXZJ[9_PTX1_dT>/¤
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〈a, c〉
	&
〈b, d〉
2 6$[ ( 	<3&/c	j3
〈a + b, c + d〉
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 uwv 	 | /;|42 /|9=X|9,7( *(56y7,
 XªZcb,_ b,aS'[ f X1o f XJSX1_dTMTUqrX¥ZJ[9_dTX1_dTS©[,}b,*d]rX1]rXJS\~PR5bZJ[9_rZcb,TX1_b,TU`a[9_ [,m[ f pScb9SSU]W\_`_²TUqb,TYTUqrX
P]rX1]rXJS*b,oqb,~6X1TSb f X=ob,` f `aSX^p`aS hi[9`_PTc¤
$ %  h - ¹  lm[9_rSU`apX f `_²TUq f XJX«d]rX1]rXªZJ[9_PTX1_dTS f X1o f XJSX1_dTXJp ~dR³TUqrX¥­[ f pS
abaa ∈ Σ∗1

cdec ∈ Σ∗2
b,_rp
fgg ∈ Σ∗3
r­X f X1o f XJSX1_PT*b,¶TUqrXZJ[9_PTX1_dTS*~dR¥b\SU`_aX}m[ f p
abaacdecfgg ∈ Σ∗
¤
k qrX_r[9TU`a[9_E[,{}{ b9S} f SUT=`_PT f [Pp]rZJXJp¨~PRbk}¤Gk[9`wX1a[9T^b,_rp e ¤  =[PpX/ f [9`ap @ uiC§¤ ¦ {}{s`aSbNr_`TX
b,]T[9WNb,T[9_ f XJZJ[9_`µJ`_«m[ f pS^TUqb,T^Zcb,_A~
XYpXJZJ[9W\o6[SXJp¨`_ATUqrX [9a[7`_ bJR F
w = w1w2 . . . wn
`TUq
∀i, wi ∈ Σ∗i
¤ k q`aS*b,a[cST[\X1_rZJ[PpX^S[9WYX f X1b,TU`a[9_rS~6X1T§mXJX1_«TUqrXZJ[9_PTX1_dTS[,S'X1wX f b,d]rX1]rXJS7¤
$ %  h - ¹  lm[9_rSU`apX f `_«b©SURSUTX1W `TUq¨T§­[¥P]rX1]rXJS}`TUqAb,oqb,~6X1TS
Σ1 = {a, b}
b,_rp
Σ2 = {c, d}
¤ k qrX
{}{ pX1o`aZ1TXJp5[9_E`r¤A * pX/r_rXJSTUqrXNb,_]b,wX
L = a∗](c + d)∗ + a∗b(a + b)∗]c∗d(c + d)∗
b,_rp
X1_rZJ[PpXJS}TUqrX f X1b,TU`a[9_ !§`GTUqrX f X`aSb,T}aXcb9SUT=[9_rX
b
`_TUqrX$ f SUT=P]rX1]rX6TUqrX1_TUqrX f X`aS=b,T}aXcb9SUT=[9_rX
d
`_
TUqrX=SXJZJ[9_rpªP]rX1]rX # ¤
ba a,b
# #
c
d
d
c
c,d
c,d
`] f XA * F $¬rb,W\oaX^[,	{}{
QP`_rZJX
{}{}S=b f X$r_`TXYb,]T[9WNb,T'b;TUqrX\b,~rSUT f b9Z1T}b,TUTU`aZJX
(R(Σ),v])
Zcb,_~6XpX/r_rXJp²b9S*~6X/´[ f X
X/¬ZJX1oT
TUqb,TTUqrX`apX1_`_M[9o6X f b,T[ f
∇
W^]rSUTbJw[9`ap¥WYX f `_MTUqrX=p`)(6X f X1_PT*P]rX1]rXZJ[9_dTX1_PTSc¤
>?s7>@
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 u6t  H|9<(56  |/;|92 /;|9=X|9,7(+*(56y , *;,5{ 8:*;, 6 2 
5} *(+6y , y   =
¦ {}{ `aS­br_`TXb,]T[9WNb,T[9_ = b9S­pX/r_rXJpY`_©pX/r_`TU`a[9_ * >`TUq©b=SUo6XJZ1`b,Zqb f b9Z1TX f
] /∈ Σ
¤ k q`aSGZ'qb f b9Z1TX f
WNb fl STUqrX$SX1ob f b,TU`a[9_«~6X1T§mXJX1_ T¯­[©d]rX1]rX/§ZJ[9_PTX1_dTSc¤D¶X1T
M = (Q,Σ ∪ {]}, Q0, Qf )
~
X^b {}{¤ ¦ ­[ f p
w = w1w2 . . . wn
`aS¥X (;XJZ1TU`wX1R b9ZJZJX1oTXJp ~dR b {}{ `
∃q0 ∈ Q0, qf ∈ Qf , δ(q0, w
′) = qf )
qrX f X
w′ = w1]w2] . . . ]wn
¤
k qP]rSXcb9Zq¨SUT'b,TX
q ∈ Q
[,GTUqrX {}{sZcb,_~6Xb9S'S[PZ1`b,TXJpT[±[9_rX = b,_rp[9_R [9_rXL>*d]rX1]rX/§ZJ[9_PTX1_dTc¤ k q`aS
b9SS'[PZ1`b,TU`a[9_ª`aS`wX1_ª~dRªb ]_rZ1TU`a[9_
a : Q→ [1 . . . n]
¤­£*_ªTUqrX[9TUqrX f qb,_rp; [ f b,_ª`_dTX1wX f
i
­X$Zcb,_«pX/r_rX
Qi = {q ∈ Q|a(q) = i}
¤ k qrXS]~¯b,]T[9WNb,T[9_
Mi = (Qi,Σi, Q0,i, Qf,i)
f XJZJ[9_`µcXJS*TUqrXo f [,hUXJZ1TU`a[9_«[9_«TUqrX
b,oqb,~6X1T
Σi
[,TUqrXb,_]b,wX f XJZJ[9_`µcXJpª~PR
M
¤
¦ SUT'b,TX
q ∈ Qi
`aS 26_	&('& 	 /c/c
i
`bSX1ob f b,TU`a[9_ T f b,_rSU`TU`a[9_ aXcb9pS\T[TUq`aSYSUT'b,TX = `È¤ X¤
∃q′ ∈
Qi−1, q
′ ]→ q
>/¤ k qrX\`_`TU`b,GSUT'b,TXJS [ f TUqrX f ST^d]rX1]rXMb f X\TUqrX\`_`TU`b,­ST'b,TXJS[,mTUqrXMb,]T[9WNb,T[9_¶¤ ¦ SUT'b,TX
q ∈ Qi
`aS 	(&4	3/c/0
i
`­bMSX1ob f b,TU`a[9_T f b,_rSU`TU`a[9_¨SUT'b f TS f [9W TUq`aSST'b,TX = `È¤ X¤
∃q′ ∈ Qi−1, q
]
→ q′
>/¤
k qrX}r_b,SUT'b,TXJS´[ f TUqrX=b9SUTP]rX1]rX^b f X=TUqrXr_b,SUT'b,TXJS[,TUqrX^b,]T[9WNb,T[9_¶¤
lm[9_rZJX f _`_±TUqrXSUT'b,_rprb f p«[9o6X f b,TU`a[9_rS =
t

u

Send

Receive
>/
b,_rp«`_rZ1]rS`a[9_«TXJSUT
⊆
rTUqrX1R«b f X$_b,TU] f b,
X/¬TX1_rSU`a[9_M[,;TUqrX1` f ZJ[9]_dTX f ob f T­ [ f b,_©b,]T[9WNb,T[9_ f X1o f XJSX1_PTU`_b^SU`_aXP]rX1]rX¤¡§_Yob f TU`aZ1]b f !TUqrX1R\p[_r[9T
`_rp]rZJXb,_dR«b,oo f [J¬`WNb,TU`a[9_¶¤ k q`aS*b,aS'[\`W\o`aXJSTUqb,T*TUqrX1` ff XJSU]Tp[!XJS_r[MpX1o
X1_rpª[9_ TUqrX[ f pX f [9_ d]rX1]rXJS
Z'qr[P[SXJp¥ [ f TUqrX f X1o f XJS'X1_dT'b,TU`a[9_¶¤
 u
	 	 |  6w{|9, 6 , y 2"|4/ *(y / 
y /  =
 X`
]rSXTUqrXS'b,WYX`apX1_`_\[9o
X f b,T[ f b9SpX/r_rXJp©`_©S'XJZ1TU`a[9_Myr¤  !~]T]rSU`_
4n
ZJ[9a[ f Sm`_rSUTXcb9p±[,yr¤r[ f
b\ST'b,TX
q
mXpX/r_rX`TSZJ[9a[ f
c(q)
F
• c(q) = 4 ∗ a(q)
`
q
`aS~
[9TUq«b,_«`_`TU`b,b,_rp«b$r_b,SUT'b,TX´[ f TUqrXP]rX1]rX
a(q)
• c(q) = 4 ∗ a(q) + 1
`
q
`aSb$r_b, = ~]T_r[9T`_`TU`b,2>SUT'b,TX}´[ f TUqrXd]rX1]rX
a(q)
• c(q) = 4 ∗ a(q) + 2
`
q
`aSb,_ª`_`TU`b, = ~]T_r[9Tr_b,2>SUT'b,TX´[ f TUqrXd]rX1]rX
a(q)
• c(q) = 4 ∗ a(q) + 3
[9TUqrX f `aSX
¦ _b,TU] f b,P]rXJSUTU`a[9_«b f `aSXF`aSSU]rZ'q b,_ª[9o6X f b,T[ f `_db f `b,_dT¤ f ¤ Tc¤gTUqrX=[ f pX f `_N[,P]rX1]rXJS k qrXb,_rSU­X f
`aS]_´[ f TU]_b,TX1R¥_rX1db,TU`wXb9S`]rST f b,TXJpª~dR©TUqrX}´[9a[c`_©X/¬b,W\oaX¤
$ %  h - ¹  D¶X1T\]rS\ZJ[9_rSU`apX f blmgQ!·|`TUq  Zqb,__rX1aSc
Σ1 = {a, b}

Σ2 = {c, d}
mb,_rp5TUqrX±b,_]b,wXF
L = aaaac + baaad
¤ k q`aS=b,_]b,wX
L1
`aS f XJZJ[9_`µcXJp²~dR²b {}{ = `r¤A1y<>/¤Nl­qr[![SU`_
k = 2
´[ f
[9] f `apX1_`_±[9o
X f b,T[ f TUqrXT¯­[©SUT'b,TXJSWNb fl XJp `TUqb,_3!È¬ # b f X^WYX f wXJp;6b9S­X1&b9STUqrX^T§­[©SUT'b,TXJSWNb fl XJp©`TUq±b,_!§R # ¤ k qP]rS ∇2L1 = (a+ b)aa(c + d)
¤&¡§¶­X}Zqb,_wXTUqrX[ f pX f `_r­X}SUT'b f T­ f [9W TUqrX
b,_]b,wX
L′ = caaaa + dbaaa
f XJZJ[9_`µcXJpª~dR©bSXJZJ[9_rp{}{ = `r¤GAcu;>/q`aZqª`wXJSb TX f `apX1_`_
∇2L
′ = L′
¤g¡¯_¥TUq`aSZcb9SXTUqrXS'XJZJ[9_rpª[ f pX f `_Yo f XJSX f wX^TUqrX}`_ [ f WNb,TU`a[9_¶]_` l X=TUqrX} f SUT[9_rX¤
lm[9_rSXJP]rX1_dTURwTUqrX±o f XJZ1`aS`a[9_ [,}[9] f b,_b,RSU`aSYpX1o6X1_rpSN[9_®TUqrX¥[ f pX f `_r¤  f [9W b !§oq`a[S[9oq`aZcb, # o6[9`_dT[,P`aX1bA`apX1_`_ [9o6X f b,T[ f q`aZq m[9]ap ~
X`_rpX1o6X1_rpX1_dTª[,$TUqrX[ f pX f `_®m[9]ap qbJwX~
XJX1_ WY[ f X
S'b,TU`aSU´b9Z1T[ f Rw~]T&mXp`ap_r[9Tr_rp[9]T&RwX1T&SU]rZ'qNb*`apX1_`_^[9o
X f b,T[ f w`TUqw[![!p$o f [9o6X f TU`aXJS&¤ f ¤ Tc¤o f XJZ1`aSU`a[9_
b,_rp©X NZ1`aX1_rZ1Rw¤&¡§_±bp`)(;X f X1_dTSX1TUTU`_^qr[7­X1wX f qrX f XTUqrXb,`Ws`aSg_r[9TGT[b,oo f [J¬`WNb,TX~]TGT[^ZJ[9W\o f XJS'S­TUqrX
SU`µcX}[,TUqrX f X1o f XJSX1_dT'b,TU`a[9_¶_r[9TU`aZJX}TUqb,TmTUqrXk{}{ f X1o f XJSX1_dT'b,TU`a[9_¥´[ f k[P[9aXcb,_± ]_rZ1TU`a[9_rSSUT f [9_R±pX1o
X1_rpS
[9_ªTUqrX^[ f pX f `_N[,b f `b,~aXJSc¤
s1
Acx   
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a a a
a aa
#
#
a
b
c
d
x
x
y
y
`] f XA1y0F $Gd]`b,aX1_rZJX^Z1b9SS'XJSm [ f TUqrX f ST {}{
#
#
c
d
a
b
a a a
`] f XAcu[F $gP]`9b,aX1_rZJX$Z1b9SSXJS´[ f TUqrXSXJZJ[9_rp{}{
¡§mX f X1b¬©X NZ1`aX1_rZ1RwmX}WNbJR±[9~T'b,`_ªSU]rZq«b$`apX1_`_Y[9o6X f b,T[ f ~dR±ZJ[9_rSU`apX f `_Nb,;TUqrXo
X f W$]T'b,TU`a[9_rS
[9_ªP]rX1]rXJSc¤  X}m[9]ap«b,ooRMTUqrX`apX1_`_N[9_ªXcb9Zq f X1o f XJS'X1_dT'b,TU`a[9_¶6b,_rp±TUqrX1_ªT'b l X}TUqrX}`_dTX f SXJZ1TU`a[9_[,&b,
TUqrX f XJSU]TSc¤  XZJ[9_9hUXJZ1TU] f XTUqb,T­TUqrX[9~T'b,`_rXJp©[9o
X f b,T[ f ­[9]apMqbJwX*TUqrXo f [9o
X f T¯RN[,b}`apX1_`_[9o
X f b,T[ f ¤
 [9TU`aZJX=qr[cmX1wX f TUqb,TTUqrX=_d]W$~
X f [,o6X f W^]T'b,TU`a[9_ `aSX/¬o
[9_rX1_PTU`b,Èb,_rp¥TUqb,TSU]rZq bS'[9]TU`a[9_«­[9]ap«`W\oR
TUqrX©b,~``T§R²[,ZJ[9_dwX f TU`_  f [9W TUqrX f X1o f XJSX1_dT'b,TU`a[9_³`TUqE[9_rXN[ f pX f T[«b f X1o f XJS'X1_dT'b,TU`a[9_³`TUq³b¥p`)(;X f X1_dT
[ f pX f ¤&¡§
mXZJ[9_rSU`apX f b,db,`_YTUqrXob f b,aX1`TUqEkm{}{}ScPSU]rZqMb f XJ[ f pX f `_^­[9]apN~
XZJX f T'b,`_R\WY[ f XZJ[9W\oaX/¬
`_«[9] f Zcb9SX}TUqb,_¥´[ f km{}{}Scrb9SmX=qbJwX^Z1R!Z1`aZ= f b,oqrSq`aX k{}{S*b f Xb9Z1R!Z1`aZ= f b,oqrS7¤
    $%	$
¡¯_NTUq`aSmSXJZ1TU`a[9_¶P­X*`wX*S[9WYX*X/¬b,W\oaXJS[, f XJZqb,~``T¯R±b,_b,RSU`aSG~b9SXJpM[9_MTUqrX f X1b,TU`a[9_b,6b,TUTU`aZJX = SXJZ1TU`a[9_¥v>
[ f TUqrX\_r[9_ f X1b,TU`a[9_b,m[9_rX = SXJZ1TU`a[9_gm;>/¤k[9TUqAb,_b,R!S`aS}­X f X\`W\oaX1WYX1_PTXJpA]rSU`_¥TUqrXb,_]b,wX©£*~hiXJZ1TU`wX
l ¦ ·bDGS[N­XqbcwXbYT[P[9¶ [ f b,_b,]T[9WNb,TU`aZ f Xcb9Zqb,~``T§Rb,_b,R!S`aS*[,­lmgQ!·E¤ k qrXo f XJZ1`aSU`a[9_¨b,_b,RSU`aS = b9S
mX1Gb9S*TUqrXZJ[SUT=[,GTUqrXZJ[9W\o]T'b,TU`a[9_>SUT f [9_RpX1o
X1_rpS=[9_TUqrXZqr[9`aZJX\[,
k
]rSXJpT[±pX/r_rXTUqrX[9o6X f b,T[ f
∇
¤ k qrX\¬!Èo6[9`_dT$ZJ[9W\o]T'b,TU`a[9_5]rSXJS^TUqrX\T§m[«b,TUTU`aZJXJSpX/r_rXJpE`_ESXJZ1TU`a[9_mªb,_rpASXJZ1TU`a[9_®v!¤ k qrXYwX1_rX f `aZ
¬!Èo
[9`_PT^Zcb,aZ1]b,T[ f b,aS[©]rSXJS=ST f b,TX1`aXJS=­XYp[©_r[9T=WYX1_PTU`a[9_A`_TUq`aS=ob,o6X f ;TUqrX f Xcb9pX f Zcb,_ f X/ X f T[@BA  C
´[ f WY[ f XpX1T'b,`aSc¤
 Xb,_b,RSX¥TUqrX T§­[Eo f [9T[!ZJ[9aSNmXb, f Xcb9pR pXJSZ f `~6XJpGFTUqrXª`_r_`TX ~] (6X f o f [9T[PZJ[9 = $¬rb,W\oaX  ¤ * >
b,_rpTUqrXZJ[9__rX/¬!`a[9_&,pXJZJ[9__rX/¬`a[9_²o f [9T[!ZJ[9È¤  Xb,aS'[±b,_b,RSXS[9WYX$T[cR X/¬rb,W\oaXJS=b,_rpTUqrXb,aX f _b,TU`_¥~`T
o f [9T[!ZJ[9 = ¦ k e >/¤rr[ f Xcb9Z'qb,_b,RSU`aSc­XWYX1_dTU`a[9_«TUqrX^Zqr[9`aZJX[,
k
b,_rp±TUqrXZJ[SUT
 uwv 	 | 6 , , 6 (|  
 H|4/
 X f XJZcb,TUqrX^b,]T[9WNb,T[9_È~b9SXJp«pXJS'Z f `oTU`a[9_ [,TUqrX=`_r_`TX=~] (;X f = `r¤GAjm;>/¤
k q`aS$`aSb¥wX f R¨SU`W\oaXMo f [9T[PZJ[9 F$TUqrX f X1b,TU`a[9_b,b,_b,RSU`aSb,_rp²TUqrXN_r[9_ f X1b,TU`a[9_b,[9_rXN~
[9TUqAr_rpATUqrX
X/¬rb9Z1T f Xcb9Zqb,~``T¯R«SX1T
L0 = (a + b)
∗ ¤ k qrX f XJSU]T`aS[9~T'b,`_rXJpgF
•
`_¥y\`TX f b,TU`a[9_ SUTX1orSc`­X^Zqr[![SX
k = 0
´[ f TUqrXpX/r_`TU`a[9_ [,TUqrX}`apX1_`_M[9o6X f b,T[ f ¤
>?s7>@
 
		
 "!#$%	&'() Aje
?b!b
abb
!a ?a
`] f XAjm[F k qrX=`_r_`TX=~] (;X f WY[!pX1
•
`_\e`TX f b,TU`a[9_ SUTX1orSc`­X^Zqr[![SX
k = 5
¤
k q`aSX/¬rb,W\oaX}`]rSUT f b,TXJSTUqb,TTUqrX}o f XJZ1`aSU`a[9_ª[,TUqrXb,_b,R!S`aSWNbJRN_r[9T~6X`W\o f [cwXJp¥`­X=Z'qr[P[SXb$ f Xcb,TX f
b,]rX*[,
k
PqrX f Xcb9S­TUqrX*ZJ[9W\oaX/¬!`T¯RY`aS­ f [c`_r¤  X]rXJSSGTUqb,Tcd´[ f WY[SUTlm&Q!·³PTUqrX*b,_b,RSU`aSG`TUq
k = 1[ f
k = 2
`aSo f XJZ1`aSXX1_r[9]q¶¤
 u6t 	 | <[y , ,|  .6y7, '{5|9<[y , ,5|  .6y , 2 /;y;(y <[y }
k qrXS'XJZJ[9_rpªX/¬b,W\oaX­X=]rSXJp±`_«o f X1P`a[9]rS*SXJZ1TU`a[9_rS`aSTUqrXZJ[9__rX/¬`a[9_&,pXJZJ[9__rX/¬`a[9_ o f [9T[!ZJ[9 = `r¤ A7v>F
c
ba
0,0
1,1
0,11,0
queue 1
queue 21!b2?c
1?b
2!c
1?a
2!c
1?b
2?c
1!b
1!a 1?a
1!a
`] f XA7v%F k qrX=ZJ[9__rX/¬!`a[9_&,pXJZJ[9__rX/¬`a[9_o f [9T[PZJ[9
k q`aSNo f [9T[PZJ[9*`aSNbw[![Pp®X/¬rb,W\oaXª[,=qb,TYqb,oo6X1_rSYqrX1_ TUqrX«ZJ[9_dTX1_dTS±[,}TUqrXªp`)(;X f X1_dTS©Zqb,__rX1aS
SUT f [9_RYpX1o6X1_rpN[9_©Xcb9Zq©[9TUqrX f P`_MTUq`aSGZcb9SXPTUqrX_r[9_ f X1b,TU`a[9_b,;b,_b,RSU`aSG`aSG­[ f SX = ~
[9TUqN [ f o f XJZ1`aSU`a[9_©b,_rp
X NZ1`aX1_rZ1R0>TUqb,_ªTUqrX f X1b,TU`a[9_b,[9_rX¤  XZ'qr[P[SX
k = 2
T[NpX/r_rX=TUqrX
∇
[9o6X f b9[ f `_¥~6[9TUq«Zcb9SXJSc¤
]X f X=`aSTUqrX f XJSU]T*[,TUqrX f X1b,TU`a[9_b,b,_b,R!SU`aS = v$`TX f b,TU`a[9_ SUTX1orS>F
0, 0 (a.b)∗#ε
+ (a.b)∗#ε
+ (b.a)∗.a.b.(a.b)∗#ε
+ b.(a.b)∗#c
1, 0 ε#c
+ a#ε
+ (a.b)∗.a#ε
+ (b.a)∗#c
+ (b.a)∗.a.(b.a)∗#ε
0, 1 b.(a.b)∗#ε
1, 1 ε#ε
+ (b.a)∗#ε
s1
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]X f X=`aSTUqrX f XJSU]T[,TUqrX_r[9_ f X1b,TU`a[9_b,b,_b,RSU`aS = x`TX f b,TU`a[9_SUTX1orS>F
0, 0 a∗ + a∗.b.(a+.b)∗.a∗ c∗
1, 0 a∗ + a∗.b.(a+.b)∗.a+ c∗
0, 1 a∗ + a∗.b.(a+.b)∗.a∗ c∗
1, 1 a+ + a∗.b.(a+.b)∗.a+ c∗
k qrX f SUT^b,_b,RSU`aS = ~]T=_r[9T=TUqrX\S'XJZJ[9_rp¨[9_rXL>SUqr[cS=TUqb,T=TUqrX f XMb f XYb,T=WY[SUT[9_rX
c
`_¨TUqrX\SXJZJ[9_rp¨P]rX1]rX
b,_rp¥TUqb,TTUqrX f X^b f X=TUqrX=S'b,WYX=_P]W^~6X f [,
a
b,_rp
b
=  &7AL>­`_«TUqrX f SUTP]rX1]rX¤
k qrX f Xcb9S[9_EqdR²TUqrXN_r[9_ f X1b,TU`a[9_b,b,_b,RSU`aS$`aSÈb f m[ f SXMb,_rp³ZJ[SUTUR¨`_ETUq`aS$Zcb9SXN`aSTUqb,T`T$Zcb,__r[9T
pX1TXJZ1T*TUqb,TTUqrX f X=`aSb,TWY[SUT[9_rX Z%r`_ªTUqrX^SXJZJ[9_rp«d]rX1]rXTUqP]rSWNb,_PR¥_r[9_ f Xcb9Zqb,~aXSUT'b,TXJS*b f X^X/¬!oa[ f XJp
~PR©TUq`aS*b,_b,R!SU`aS7¤
 u
	  (y  |   *;8:2}|
k qrX\o f X1!`a[9]rSX/¬rb,W\oaXYSUqr[7STUqb,TTUqrX_r[9_ f X1b,TU`a[9_b,b,_b,R!S`aS=WNbJR~
Xa[9_wX f TUqb,_²TUqrX f X1b,TU`a[9_b,G[9_rX¤
][cmX1wX f TUq`aS­`aSb,_±X/¬ZJX1oTU`a[9_¶¤g¡¯_NwX1_rX f b,È!TUq`aS l `_rpM[,b,_b,RSU`aS­`aSGÈb9SUTX f ¤  X*o f [c!`apX}b,_±X/¬rb,W\oaXqrX f X
TUqrX±_r[9_ f X1b,TU`a[9_b,}b,_b,R!SU`aS`aSW$]rZq®Èb9SUTX f TUqb,_®TUqrX f X1b,TU`a[9_b,[9_rX¤ k q`aST[cR5X/¬rb,W\oaX = `r¤"Acx;>$`aSYb
lmgQ!·|`TUq³y¨P]rX1]rXJScgqrX f X±mX¥Zcb,_®[9_R³b9pp5WYXJSS'b,wXJS7¤ ¦ ~b9SU`aZ = qP]WNb,_>\b,_b,RSU`aSSUqr[cS\TUqb,T\TUqrX
ZJ[9_PTX1_dT$[,TUqrXT§m[¥ f SUTP]rX1]rXJS}`aS
(a.b)∗
b,_rp¨TUqrX\ZJ[9_dTX1_PT$[,TUqrXT§m[¥b9SUT[9_rXJS=`aS
(c.d)∗
¤¡Èm­X\Zqr[![SX
k = 5
= ´[ f TUqrX}`apX1_`_YpX/r_`TU`a[9_>/rTUqrX_r[9_ f X1b,TU`a[9_b,b,_b,RSU`aSSUT[9orS`_«b,~6[9]T[9_rX}SXJZJ[9_rpªb,_rp±aXcb9pST[
TUqrX f XJS]T
(a∗, b∗, c∗, d∗)
¤
1!b 3!d
0!a 2!c
`] f XAcx[F ¦ T[cR±X/¬b,W\oaX
k qrX f X1b,TU`a[9_b,m[9_rXNT'b l XJS^SX1wX f b,­W\`_d]TXJS^ [ f b¥SU`W\`b f^f XJS]Tc¤©¡¯_Èb9Z1TcTUqrX f X1b,TU`a[9_b,b,_b,RSU`aS=`
ZJ[9_rSU`apX f b,TUqrX«b,_]b,wXJS
Li,j = {a
i#bi#cj#dj}
`TUq
i, j = 1..5
~
X/´[ f X¥o6X f  [ f W\`_®b,_dR®`apX1_`_
[9o6X f b,TU`a[9_¶¤
 u  	 |?} (|4/ ,.*(56 , 6 ( /y;(y <[ys}
k qrX ¦ TX f _b,TU`_ km`T egf [9T[PZJ[9 = ¦ k e >`aS&b}prb,T'bÈT f b,_rSUW\`aSSU`a[9_\o f [9T[!ZJ[9È~6X1T§­XJX1_©b*S'X1_rpX f
S
b,_rpYb f XJZJX1`wX f
R
¤
S
T f b,_rSUW\`TS©S[9WYX prb,T'b²ob l b,wX
m
TUq f [9]qPT±bE¡¯£ Zqb,__rX1
C  b,_rp R b,_rp S X/¬Zqb,_wXS[9WYX`_´[ f WNb,TU`a[9_ = [9_rX/È~`T*WYXJSS'b,wXJS>­TUq f [9]qPTT§m[NZ'qb,__rX1aS
K
b,_rp
L
= `r¤ Aje;>/¤
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